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Dispersed Shock Waves
in a Gas-Particle Mixture

Mathematical Formulation
Following Kriebel,1 the modified flow equations including

the particle volume effect are given as follows:

R. S. Srivastava* and J. P. Sharmat
Defence Science Centre, Delhi, India

Nomenclature
a = sound speed, cm/s
C = specific heat of particles
CD = drag coefficient
Cpg,Cvg = specific heats of gas at constant pressure and

volume, respectively
kg = thermal conductivity of gas
m = ratio of mass flow rates of particles and gas
M = Mach number
n = m(C/Cpg)
N = Nusselt number
Pr = Prandtl number
Re = Reynolds number
rp = particle radius, cm
t - temperature
T = dimensionless temperature, t/t^
v = velocity
V = dimensionless velocity, v/vx
x = dimensional distance
X = dimensionless distance, or^ff\x/M00
yg = ratio of specific heats, Cpg/Cvg
d = specific heats ratio, C/Cpg
e = volume of particles in a unit volume of mixture
jLtg = viscosity of gas, poise
pg = density of gas, gm/cm3

Subscripts
g =gas
p = particles
1 = upstream of shock wave
oo = at downstream infinity

Introduction

F EW attempts have been made to analyze dispersed or
weak shock waves in a gas-particle mixture. Kriebel,1

Rudinger,2'3 and, more recently, Hamed and Frohn4 have
studied the structure of fully dispersed shock waves in dusty
gases. In all of these investigations, particle volumes have not
been included. The assumption to neglect the particle volume
is well justified. However, if either the mass fraction of the
particles or the gas density is sufficiently high, the particle
volume fraction may become significant. Its effect has been
evaluated by Srivastava and Sharma5 for discontinuous nor-
mal shock waves. In the present study, an attempt has been
made to obtain the structure of dispersed shock waves by in-
cluding the particle volume effect. The effect of the drag and
heat-transfer coefficients on the structure of dispersed shock
waves have also been ascertained.
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where k = 2kg/3C[j,g.

Setting Up Boundary Conditions
The method of Rudinger2 is adopted for the analysis of

dispersed shock waves. It is based on the linearization of the
basic equations and yields the perturbations in terms of an
initially chosen perturbation without further assumptions.
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Fig. 1 Gas and particle velocities vs nondimensional distance A
behind shock wave for el =0 and 0.05.
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Fig. 2 Gas and particle temperatures vs nondimensional distance X
behind shock wave for € j =0 and 0.05.
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In a linearized system of equations, the perturbations must
vanish exponentially as x approaches - oo. The flow variables
in the range - oo <x<0 may thus be expressed in the form

V = V^ - V'e** (5^r g r i r gC. \^^

V = V — V e^* (6)

where the primed quantities represent the small starting per-
turbations at x = 0 and X>0 is a constant to be determined.

Substituting Eqs. (5-8) into Eqs. (1-4), one obtains a set of
linear (higher powers of the perturbation being neglected)
homogeneous algebraic equations for which a nontrivial
solution exists only if the determinant of the coefficients
vanishes. The resulting quadratic equation for X is

where

(9)
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Fig. 3 Particle velocity vs nondimensional distance X behind shock
wave for CD = 24/Re, 7V=2 + 0.533 Re"'5 (curves E) and for
CD = 24/Re, N=2 (curves F), both for el = 0 and 0.05.

1-00-1

0-97-

^0-94-

0-91 -

0-88

Fig. 4 Particle temperature vs nondimensional distance X behind
shock wave for CD = 24/Re, 7V=2 + 0.533/te05 (curves E) and for
CD = 24/Re, 7V=2 (curves F), both for ct =0 and 0.05.
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Once the value of X has been obtained, the system of
algebraic equations for the starting perturbation, i.e.,
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are readily solved by taking V'g as the arbitrarily selected
value to insure that all of the perturbations remain small.
Since Vl>Vg>l9 a small fraction of (Vl - 1) represents a
suitable choice of Vg. Boundary conditions at x = Q are ob-
tained from Eqs. (5-8) by putting x = 0. Using these bound-
ary conditions, the solution for .x>0 is obtained by solving
numerically Eqs. (1-4). For *<0, the values are obtained from
Eqs. (5-8).

Numerical Calculations and Discussion of Results
Numerical calculations have been performed to obtain the

velocity and temperature distribution for the gas and par-
ticles in an air-silica mixture (Figs. 1 and 2) and to ascertain
the effects of CD and N on the particles in the mixture (Figs.
3 and 4) for e t =0.0 and 0.05 plotted against a nondimen-
sional distance X, assuming Pr=2/3, 6«1, 7g = 1.4, ra = l,
/i = l, and M! = 0.95.

For CD = 24/Re (Stokes' law) and 7V=2, the gas and parti-
cle velocity distribution is depicted in Fig. 1 and the
temperature distribution in Fig. 2. The velocity of the par-
ticles in both cases remains higher than that of the gas,
although their respective values show a significant decrease
when the effect of particle volume is considered. Also, the
equilibrium in particle volume case is attained earlier.
Regarding the temperature distribution, the gas temperature
remains hgher than the particle temperature in the two cases,
but their respective values decrease when the particle volume
is incorporated.

Shock relaxation zones for the particles have been com-
puted for CD = 24/Re and for 7V=2 + 0.533#e°-5 (curves E)
and N=2 (curves F) for both e j =0.0 and 0.05. The graphs
show that the change in Nusselt number has very little effect
on the velocity distribution (Fig. 3), but has some effect on
the temperature distribution (Fig. 4) in the two cases. Also,
the velocity of the particle remains higher for el =0.0 than
for 6! =0.05, while the particle temperature remains lower
for Cl =0.0 than for Cl =0.05.
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Conservation Form of the Equations
of Fluid Dynamics in General

Nonsteady Coordinates
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Introduction

MANY of the differential equations that arise in the field
of fluid dynamics may be stated in conservation-law

form. A well-known example is, of course, the Navier-Stokes
equations.

Recent interest in the generation of general body-oriented
curvilinear coordinate systems for solving these equations has
given rise to many forms of presentations of the conservation
form of equations in curvilinear coordinates. Generally speak-
ing, the conservation-law form of the equations seems
definitely preferable, particularly when shocks or other
discontinuities form part of the admissible solutions. In the
numerical sense, it is also essential to formulate discretization
schemes for the governing equations that satisfy conservation
requirements.

Several previous works on the subject of deriving the
conservation-law form of the Navier-Stokes equations in
general nonsteady coordinate systems have been reported in
the literature.1"5 The purpose of this Note is to illustrate a
mathematical methodology with which such forms of the
equations may be derived in an easier and more general
fashion.

For numerical purposes, the scalar form of these equations
is eventually presented in Cartesian components. Satisfactory
numerical results using the conservation-law form of the equa-
tions are impossible to obtain, unless the numerical scheme
employed also respects geometric conservation in a discrete
sense.

Conservation Form of Equations
in Curvilinear Coordinates

The general conservation law for classical fields is stated in
integral form5 as

f —— dF+ f f-ndS= { CdV (1)
JK dt Js JK '

or, in differential form, as

dA
- + div/=C (2)

where n is the unit outward normal to the surface S which
encloses the material volume V(t). The quantities A,f, and C
are tensors such that / is of one order higher than A or C,
where C is the source term.

As stated in Ref. 5, if Eq. (2) is written (in curvilinear
coordinates) in the strong conservation-law form, i.e., in a
form in which undifferentiated terms do not appear, then the
conservation law will be preserved.

Suppose that physical space L3(Ec
lfE^E^ is spanned by

the base vectors E\ (/= 1,2,3). L3 may be extended to the
four-dimensional linear space L4(EC

1,E^E^EC
4)9 where the

vector E\ (denoting time t) is defined as satisfying
Ec

i'EC4 = bi4, <5 being the usual Kronecker delta. We now set

(3)

(4)

Then Eq. (2) may be written in the divergence form in L4

space as
V-£ = C (5)

The general curvilinear coordinate system may be enun-
ciated by the following mapping:

/= 1,2,3

(6)

where (xl
tx1

tx3
9x4) = (x9y9ztt). In order to express Eq. (5) in

curvilinear coordinates, use will be made of the following
tensor formula for the divergence of a vector F:

(7)

where / is the Jacobian of the transformation from x* to £'.
By use of Eq. (7), Eq. (5), in a curvilinear coordinate

system that includes time, may then be expressed as

-(JBa)=JC (8)

The only difference in the treatment of the time and space
variables is clear when it is observed that

from Eq. (6). Thus,
B4=B4=A

(9)

(10)
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(ii)
§Except for x1 and £y, the subscripts /', j, and k denote covariants,
while the superscripts denote contravariant components in L3. a and
/3 have a similar interpretation in L4. Repeated indices imply sum-
mation, while the subscript or superscript c denotes Cartesian
components.


